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Statistical modeling

The main

models

>

3

im|
S

| ] Bayessian model

N

A)

Markov Chain

HMM, Viterbi
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Optimization

More complex model Less data required
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Deep learning
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 Maximum likelihood estimation (MLE)
« EMEIL
 EM for Multinomial distribution



What is MLE?

* Given
— A sample X={X, ..., X,.}
— A vector of parameters 0

 We define
— Likelihood of the data: L(6)=P(X | 8)
— Log-likelihood of the data: |(8)=log P(X|6)

 Given X, find
6,, =argmax |(©)

U=



MLE (cont)

* Often we assume that Xs are independently identically
distributed (i.i.d.)

6,, =argmax |(®)

=9

=argmax logP(X | ®)

=)

=argmax log| [ P(X;|©)
0 i

=argmax »_logP(X; | ®)

=9 i

* Depending on the form of p(x|0), solving optimization
problem can be easy or hard.



An Easy Case

* Assuming

— A coin has a probability p of being heads, 1-p of
being tails.

— Observation: We toss a coin N times, and the
result is a set of Hs and Ts, and there are m Hs.

 What is the value of p based on MLE, given
the observation?



An Easy Case (cont)

I(®) — IOg P(X | @) = |Og pm(l_ p)N—m
=mlog p+(N —m)log(l- p)

di(®) _d(mlogp+(N-m)logl-p)) _m N-m _
dp dp 0 1-p

‘p:
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Basic Setting in EM

X is a set of data points: observed data
O is a parameter vector.
EM is a method to find 6,, where

6,, =argmax |(®)

0cQ)

=argmax logP(X | ®)

e

Calculating P(X | ©) directly is hard.

Calculating P(X, Z|8) is much simpler, where Z
is “hidden” data (or “missing” data).



The Basic Setting in EM

e Y=(X, Z)
— Y: complete data (“augmented data”)
— X: observed data (“incomplete” data)
— Z: hidden data (“missing” data)

* Given a fixed x, there could be many possible z’s.

— Ex: given a sentence x, there could be many state
sequences in an HMM that generates x.



The Iterative Approach for MLE

 When missing data is unavailable, it’s hard to
find the MLE directly

Ong = Arg;’naxlog (EZ: P(X, ZQ))
* An alternative is to find a sequence
pO o) ... 9O ...
st 1(09) <1(0W) < - < 1(0Y) < - ..



2.7 P(X, Z10)
2.z P(X, Z]6W)

P(X, Z|0)

 P(X, 2/|0®)

P(X, Z|0W)

. P(X, Z'160)

)

2%

P(X, Z|0)
XZ: S, P(X, 2/|00)
2%

P(X,Z|0")

P(X, Z|6W)
P(X, Z|0)

* P(X, Z]60)

|
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— 1(aM) |
U(0) —1(67) = log (Z >z P X, Zf|9 0y * P(X, Z]00)
P(X, Z|9)
B (t) :

P(X,Z|0)
Z ?
P(X,Z|0)
= Epz)x,00) llog (P(X, ZIH(”))]
_ Ep(z|X,9(t)) [log P(X, Z|9)}
~ Epix oo [log P(X, Z]60)]

Jensen’s inequality



Maximizing the Lower Bound

* The Jensen’s inequality gives a lower bound to
maximize,

0t = Argmax Ep ) x gy [log P(X, Z|0)]
6
e Q-function

Q(QW)) — EP(Z|X,9(t>) log P(X, Z|0)]



Increasing the Likelihood

* Increasing the likelihood by maximizing the
lower bound

1(0) —1(0") = Q(016") — Q616

QUEI1Y) > QOVIOW) = 1(0D) > 1(6)

e Which means that a better estimation of the
parameter.



Summary: EM Algorithm

* Define a auxiliary function

QO0) =) P(Z|X,0)log P(X, Z|6)
Z
= Epzx,0) |log P(X, Z10)]

 EM algorithm iterates with two step
— E-Step, compute Q(0|6™)
— M-Step:
Pl — Arg;naxQ((aw(f))



Illustration of EM Algorithm
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MLE® 7% vs. EM&LVE (Examples)

® MLEE
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d Maximum likelihood

Coin A Coin B
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Think about...

 Which distribution to be selected?
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Think about...

Which distribution to be selected?

* |s the quantity discrete or continuous?
* Does the quantity have bounds?

* How many modes does it have?

* |sit symmetric or skewed?

A
Dizcrete Continuous noda modes
i e Y N,
aN I I N DGI live Skh‘wf Negative Skew
_.f n . A ! '\ _.". ._\ _.'I y ,'\.L . '.II
| St .
o v 1 . ] [ Symimetric
Exact Lower Bounds Exact Upper Bounds




Think about...

 Which distribution to be selected?

777777§§/777777 77777%77777777

Head Tall

+\When tossed, it can land in one of two positions: Head or Tail
+\\e denote by 6 the (unknown) probability P(H).

Estimation task:

+Given a sequence of toss samples x[7], x[2], ..., x[M] we
want to estimate the probabilities P(H)=6 and P(T) =1-6



Think about...

 Which distribution to be selected?
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Reference:
https://www.vosesoftware.com/riskwiki/Selectingtheappropriatedistributionsforyourmodel.php
http://wiki.analytica.com/Choosing_an_appropriate_distribution



K-means Algorithm

1. Choose K centroids at random

2. Make initial partition of objects into k clusters by assigning
objects to closest centroid

3. Calculate the centroid (mean) of each of the k clusters.
4. a. For object i, calculate its distance to each of
the centroids.
b. Allocate object i to cluster with closest
centroid.
c. If object was reallocated, recalculate centroids based
on new clusters.
4. Repeat 3 for objecti=1,....N.
5. Repeat 3 and 4 until no reallocations occur.
6. Assess cluster structure for fit and stability



K-means Algorithm
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K-means Algorithm
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K-means Algorithm

Ilteration = 2



K-means Algorithm
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K-means problems

K-means

.2 )
. K-means assignments
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GMM-EM: Gaussian Mixture Model (GMM) using Expectation Maximization (EM)



Gaussian Mixture Model

Mixture of 1D Gaussians

= Component 1
Component 2
= = Mixture
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cluster

a1 oz 03
Batting average (H/ AB)
100

pO0 D1 02 03 04 00 01 02 03 04 00 01 02 D3 04
average

Reference: http://varianceexplained.org/r/mixture-models-baseball/

0z
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GMM-EM




Analytical procedure

Expectation-Maximization Algorithm for clustering
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b)

Other mixture models

19,0085 (Threshola)

d)

GMM: Gamma-Mixture Model
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BMM: Beta-Mixture Mode



Other mixture models

axpert predictions, fived miking weights=0 gating functions, fixed mixing weights=0
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K-means VS. EM

Different cluster analysis results on "mouse"” data set:

Original Data k-Means Clustering EM Clustering
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Reference: https://blog.csdn.net/eternity1118 /article/details/51516497



Kmeans Iteration 1
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K-means VS. EM

GMM-EM: Gaussian Mixture Model (GMM) using Expectation Maximization (EM)

Weighted Kmeans Iteration 1
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GMM-EMM Iteration 1

Reference: https://sandipanweb.wordpress.com/2017/03/19/hard-soft-clustering-with-k-

means-weighted-k-means-and-gmm-em/




K-means VS. EM

GMM-EM: Gaussian Mixture Model (GMM) using Expectation Maximization (EM)

GMM-EMM Iteration 1

GMM-EMM lteration 1

20

0.40
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15 +

10

Reference: https://sandipanweb.wordpress.com/2017/03/19/hard-soft-clustering-with-k-
means-weighted-k-means-and-gmm-em/



GMM-EM step-by-step
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#9522 MCMC
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Buffon$& &1 555 (1777)

WA S AT A NG, BT RS

Q BT TAT ER U BE R X, FHAC SR D9
\
: Lsin ¢
d X <
2
T

L sin ¢
L s 2 [" 2L
p=Pr{X < Slw}:—f /2 dr | dp = =
2 dm J, 0 dm



Buffon = 44

FH FA | d SRE | BB |

KA | Adih
Wolf 1850 [0.8 |5000 |2532 |3.15956
Smith  [1855 |0.6  |3204 |1218 |3.1554
Fox 1884 |0.75 |1030 [489 |3.1595
Lazzarini |1907 |0.833 |3408 |1808 |3.14159292
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Monte Carlo /5 {2
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Monte Carlo /5 {2

Von Neumann
S.Ulam (1946)
N.Metropolis (1953)
Hasting (1970)

Monte Carlo (Monaco), famous for its
gambling casino.



Pseudo-Random Numbers

* Truly random numbers can not be
generated on a computer

e Pseudo-random numbers follows a well-

defined algorithm, thus predictable and
repeatable

* Have nearly all the properties of true
random numbers



Linear congruence generator (LCG)

* One of the earliest and fastest algorithm:

Xpi1 = (X, +¢) mod M

where 0< X, < M, M is the modulus, a is
multiplier, c is increment. All of them are

integers. Choice of a, ¢, M must be done with
special care.

http://random.mat.sbg.ac.at/links/rando.html|



Choice of Parameters

Source m a C output bits of seed in rand() | Random(L)
Mumerical Recipes 232 1664525 1013904223
Borland C/C++ 932 22695477 1 bits 30_.16 in rand{), 30_.0 in Irand()
glibc (used by GCC) 232 1103515245 12345 bits 30..0
ANSI C: Watcom, Digital Mars, CodeWarrior, IBM VisualAge C/C++ | 232 1103515245 12345 bits 30..16
Borland Delphi, Virtual Pascal 932 134775813 1 bits 63..32 of (seed * L)
Microsoft Visual/Quick C/C++ o3 214013 2531011 bits 30..16
RtlUniform from Native AP| [ 231 - 112147483629 2147483587
Apple CarbonLib 231 _ 416807 0 see MINSTD
MMIX by Donald Knuth o84 63641362238467930065 | 1442695040885963407
VAXs MTHSRANDOM. ! old versions of glibe 2% |69069 1
Random class in Java API 248 25214903917 11 hits 47...16
Lcs3 in Forth {programming language) 2%2 - 5/2%? — 333333333 0

Tpi1 = (ax, +¢) mod M

http://en.wikipedia.org/wiki/Linear congruential generator
http://crypto.mat.sbg.ac.at/results/karl/server/server.html



http://en.wikipedia.org/wiki/Linear_congruential_generator
http://crypto.mat.sbg.ac.at/results/karl/server/server.html

Other Modern Generators

 Mersenne Twister (MT19937)

Extremely long period (21°937-1), fast
(http://www.math.keio.ac.jp/~matumoto/emt.html)

* |nversive congruential generator
Xpi1 = (az' +¢) mod M

nonlinear, no lattice structure

http://en.wikipedia.org/wiki/Mersenne_twister
http://en.wikipedia.org/wiki/Inversive_congruential_generator



http://en.wikipedia.org/wiki/Mersenne_twister
http://en.wikipedia.org/wiki/Inversive_congruential_generator

Public key system

Encryption Decrypnon
. mm ‘
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Public Key Encryption

RSA algorithm .
g Collision attack
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a 2 a
SHA1 0 SHA o
Doc 2 3E2A.AE Bad doc 3713.42
Normal behavior - different hashes Collision - same hashes

9,223,372,036,854,775,808

SHA-1T compressions performed

MD5 SHA-1 Shattered SHA-1 Bruteforce

1 smartphone 110 GPU E) 12,000,000 GPU

30 sec oo | year e 1 year
Potentially Impacted Systems

Adi Shamir, Ron Rivest and Len Adleman e conicate  contol (1) s Xiaoyun Wang @ China
1977 2004




Extension: from statistics back to DNA

Hamilton path problem DNA computing Solution

20-mer cligonuciootide representing cities

(O ccTaTTcoAGCTTAAAGCTAR
@ QJGGCTAGGTACCAGCATGCT TR
20-mer oligoruciectde ropresenting
®‘® Paths betwoen ces a

(ONOLCTTAAAGCTAGGCTA

DNA representation of the path from city 2 ~> oity 3 > city 4

@-® ®-®
G CTATTCGAGCTTAAAGCTAGGCTAGGTACE

EJCGATAAGCTCGAATTTCGATLY

oconwmnl®
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BY LASAKRY LON [

V4 )‘TH AS LOMPUTER COMPUMENT § SURIMK YEAR BY
YEAR SCENTISTS DREAM OF THEIR uuwr:

EOAL A CHEMZAL COMPUTER, WiAe
mmmoxmmmmn

AMAEMAN, A COMPUTER SCIENTIST, CHOAC A N THES VERSION, THE MARKET NG STF MAS A MAP OF SEVERAL OITEY
TASK THAT REPRESENTS A WHOLE (LAsS OF WITh ONC-WAY $TREETS SETWEEN SOME OF THEM. THE PROBLEM
HARD-TO-SCLVE PRONLVS. COMPUTER SUYS % TO PND A ROUTE (F IT EaSTS) THAT PASSES THROUSN EACN
CALL 1T THE TRAVELING SALESMAN PRORLEM. CITY GXACTLY ONCE, WITH A PLUGHNATED SCHNRMG AND DN

S <.§”";“:~¢.~:§9 Discover magazine pub/ ished
L5 cedER S % an article in comic strip format
SO about Leonard Adleman's
discovery of DNA computation.
o e (e B AT Not only entertaining, but also
oF 7 ames Mo 19 sTRGETS | | s cuoson AT aneow the most understandable

% @ Sl explanation of molecular

@ Sz computation I have Ever seen.
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Understand it, create it!

Prokaryotic cell
Stage 1:Foreign DNA acquisition ,@j O
~

\ P —
cas genes @Q‘qz” CRISPR locus
T WIOIODOIOﬁ - @ Stage:

RNA-guided

host genome \
- @ targeting of
l CRISPR locus transcription viral element
pre-crRNA jt j[ j[ 2 ji j[ > —fv-ﬁ —*vuﬁ R
¥ ) = G 1 2 v — ,/-ji

Stage 2: CRISPR RNA processing

"

Qriqginal Imags Image Reconstructed From Bacieria

aE & MAIEDNAE R B E &

CRISPR—Cas encoding of a digital movie into the genomes of a population of living bacteria, Nature, 2017
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MCMC F vy B A8
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Markov Chain Monte Carlo

e Goal: p(z™) = p*(z) as m Seo
— MCMCs that have this property are ergodic.

* Transition properties that provide detailed
balance guarantee ergodic MCMC processess.

— Also considered reversible.

p*(2)T(z,2") = p" ()T (%, 2)



Markov Chain Monte Carlo

(MCMC)

o BT~ Markov 8, (EH AL A AFA TR0
P AG, (e 4E oA, BROREAS 203 (8] R 5 ORI B AL
43A) e FHIXAS Markov SERIFEAR, SRX 1% 0 AT VE K
*?#ﬂHW%MEU RXEE %, GeRRN
Markov Chain Monte Carlo (MCMC) /5 V£
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MCMC 11 W F
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Gibbs Sampler
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Hill Climbing

-

Fithess |

/

Hillclimb

X




The Problem with Hill Climbing

e Gets stuck at local minima
 Possible solutions

— Try several runs, starting at different positions

— Increase the size of the neighbourhood (e.g. in TSP
try 3-opt rather than 2-opt)
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A

Z55-2E Motif Finding

* Motif finding problem
 EM algorithm
* Markov chain Monte Carlo (Gibbs Sampler)



Transcriptional Regulation

* The transcription of each gene is controlled by
a regulatory region of DNA relatively near the
transcription start site (TSS).

* two types of fundamental components

— short DNA regulatory elements

— gene requlatory proteins that recognize and bind
to them.



Regulation of Genes

Transcription Factor
/ (Protein)
. _ RNA polymerase
(Protein)

Regulatory Element Gene

source: M. Tompa, U. of Washington
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Regulation of Genes

Transcription Factor
(Protein)

\ RNA polymerase

—
| =
DNA

/ I

Regulatory Element Gene

source: M. Tompa, U. of Washington
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Regulation of Genes

MRNA

Transcription Factor . RNA
polymerase

Regulatory Element Gene

source: M. Tompa, U. of Washington
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Transcriptional Binding Site

Wiki: DNA binding sites are a type of binding

site found in DNA where other molecules may
bind

* Small (6-20bp)
* Highly variable



Experimental Method (1)

* DNase footprinting assay: The method uses an
enzyme,deoxyribonuclease (DNase, for short),
to cut the radioactively end-labeled DNA,
followed by gel electrophoresis to detect the

resulting cleavage pattern



http://en.wikipedia.org/wiki/Deoxyribonuclease
http://en.wikipedia.org/wiki/Gel_electrophoresis

Experimental Method (Il)

* ChlIP-chip or ChlP-Seq: is a technique that
combines chromatin
immunoprecipitation ("ChIP") with microarray
(or sequencing) technology

W Q‘ V“

ChiP-on-chip wet-lab portion of the workflow

http://en.wikipedia.org/wiki/ChlIP-chip



Motif Finding

* Find promoter motifs associated with co-
regulated or functionally related genes

Mmotif start index
gene start

4
S g I
< Genes regulated
2 et I by same

transcription

S3 - -
factor

R =

St = ]



Input Sequences

* ChlIP-chip experiment.

* Promoter sequences from a cluster of
microarray data (or functional related genes)

* Conserved noncoding sequences among
different species.



Essential Tasks

* Modeling motifs
* Visualization motifs
* Finding motif



Consensus

HEM13 CCCATTGTTCTC
HEM13 TTTCTCCTTCTC
HEM13 TCAATTGTTTAG
ANB1 CTCATTGTTGTC
ANB1 TCCATTGCTTCTC
ANB1 CCTATTGTTCTC
ANB1 TCCATTGTTCGT
ROX1 CCAATTGTTTTGC

YCHATTGTTCTC

Nature Biotechnology 24, 423 - 425 (2006)



Probabilistic Model

e Positional weighted matrix (PWM)

— L x 4 matrix, where L is the length of the motif

— Each position is a probability distribution (p(A),
p(C), p(G), P(T))
— Independence between different position



PWWM

HEM13 CCCATT
HEM13 TTTCTG
HEM13 TCAATT

ANB1  CTCATT --_____

A 025 0875 0
ANB1  TCCATT . 05 075 05 0125 0 0.125
G
T

0 0 0 0 0 0.875
0.5 025 025 O 1.0 0

ANB1 CCTATT
ANB1 TCCATT
ROX1 CCAATT



Information

Motif Information

The height of a stack is often called the motif information at that
position measured in bits

. lexA Binding Site
3
TATAL. A
— A TT IAa é XA
o @ ~ © B T O N - D - N MW T B © ~ o 'E"_a*

Motif Position Information =2— »°  —p, log p,

b={AT,G,C}

Why is this a measure of information?
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Entropy

Entropy measures average uncertainty

Entropy measures randomness

H(X)=-)_plog, p

If log is base 2, then the units are called bits



Entropy

1

0.9

0.8

0.7

0.6

0.5

0.4

0.3

0.2

0.1

0

Entropy versus Randomness

Entropy is maximum at maximum randomness

0

01 02 03 04 05 06 07 08 09

P(heads)

1

Example: Coin Toss

P(heads)=0.1 Not very random
H(X)=0.47 bits

P(heads)=0.5 Completely random
H(X)=1 bits



P(x)

P(x)

0.9
0.8
0.7
0.6
0.5
0.4
0.3
0.2
0.1

0.9
0.8
0.7
0.6
0.5
0.4
0.3
0.2
0.1

Entropy Examples

H(X) = —[4%0.25l0g,(0.25)]
= 2(bit)

H(X) = —[3%0.11log,(0.1)
+ 0.71og,(0.7)]
— 0.63(bit)




Motif Information

Motif Position Information =
20— ) pylogyps
/ b:{A’C7G7T}
Hbackground(x) Hmotif_i(x)
Prior uncertainty about Uncertainty after learning it is
nucleotide position i in a motif

= =0
£3 £t I
-« [ 1 1 1
A T G C AT G C
H(X)=2 bits H(X)=0.63 bits

Uncertainty at this position has been reduced by 1.37 bits



Motif Logo

lexA Binding Site

Conserved Residue Little Conservation
Reduction of uncertainty Minimal reduction of
of 2 bits uncertainty

http://weblogo.berkeley.edu/



Background DNA Frequency

The definition of information assumes a uniform background DNA
nucleotide frequency

What if the background frequency is not uniform?

(e.g. Plasmodium)

. Hbackground(x) . Hmotif_i(x)
%
o o
AT G C A T G C
H(X)=1.7 bits H(X)=1.9 bits
Motif Position Information = 1.7 — E pylog pp = O,Q(bjt)
b={A,C,G,T}

Some motifs could have negative information!



A Different Measure

* Relative entropy or Kullback-Leibler distance
(divergence)

Pmotif (b)

Dy (Protif]| Pog) = Z Prnotiy (0) log Py, (D)
g

b={A,C,G,T}

* Property
Dgr, 20

DKLZO@Pmotif:Pbg



Comparing Both Methods

Information assuming
uniform background
DNA

KL Distance assuming
20% GC content
(e.g. Plasmodium)

2.0-

1.0+

||||||||||

o ¥[VTara, _aa. AVAVT



Entropy Examples
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Highly Ordered High Disorder
Low Entropy High Entropy

AAAAAAAA AAAABBCD AABBCCDD

Bucket 1 Bucket 2 Bucket 3
Low Entropy Medium Entropy High Entropy



Entropy Examples

A
B
A B
Certainty Certalinty

Probability of | Probability Probability Probability
miclecule of molecule of molecule of molecule
being in left being in right being in left being in
side side sicde right side
Gas constrained: Gas expanded:
Entropy low Entropy high
Uncertainty low Uncertainty high

High entropy --> information --> high uncertainty --> high probability



talA
evgh
ypd|
nirB
hmpA
narC}
gltF
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Consensus

Sequence Logo

Conservation

Entropy Examples

T

CTTTTCAAGG
CATTGCAAAG
CATTTTCAGG
GAAAAGAAAT
TGCAAAAAAA
TTTTTGTGGA
GTTATTAAGG
TACCCACCGG
AATCAAAATG
ATCACAGGGG
ACATCCAGTG

AATTTAAAGG

<55 KRAC

AGTATTTCCT
GGAATAATCT
ATAACTTTCT
CGAGGCAAAA
GGAAGACCAT
GAAGACGCGT
ATATGTTCAT
ATTTTTACCC
GAATAAAATC
AAGGTGAGAT
AGAGAGACCG

AGAATTACCT

23£é¢*ﬂﬁﬂ?

1
I

ATGAACGAGT
ATGAACGCAA
ATGAAAGTAA
ATGAGCAAAG
ATGCTTGACG
GTGATTGTTA
ATGTTTTTCA
ATGCTCACCG
ATGCTACCAT
ATGCACTCTC
ATGCATCCGA

ATGAACGCAA

A adz 2

20
I

TAGACGGCAT
TAATTATTGA
ACTTAATACT
TCAGACTCGC
CTCAAACCAT
AACGACCCGT
AAAAGAACCT
TTAAGCAGAT
CTATTTCAAT
AAATCTGGGT
TGCTGAACAT

TAATAAACAT

FxRY_= E§T

ol 0o

1] i [

nsnnil




Step 0

Whole dataset —"

CCGGCGTAAATCGGAGGATC
CCGGCGTAAATCGGAGGATC
CCGGCGTAAATCGGAGGATC
CCGGCGTAAATCGGAGGATC
CCGGCGTAAATCGGAGGATC
CCGGTGTAAATCGGAGGATC
CCGGTGTAAATCGGAGGATC
CCGGTGTAAATCGGAGGATC
CCGGTGTAACTCGGTCGATC
1C(GGTGTAACTCGGT(GATC

NN |

1015 §
NP pe

H :Shannon entropy
NP: Nucleotide position ;

Total Entropy:
3.91

Step 1

Entropy Examples

\
/

Step 2

Node 1
CCGGCGTAAATCGGAGGATC
CCGGCGTAAATCGGAGGATC
CCGGCGTAAATCGGAGGATC
CCGGCGTAAATCGGAGGATC
CCGGCGTAAATCGGAGGATC

Do nothing

7

Node 1
CCGGCGTAAATCGGAGGATC
CCGGCGTAAATCGGAGGATC
CCGGCGTAAATCGGAGGATC
CCGGCGTAAATCGGAGGATC
CCGGCGTAAATCGGAGGATC

3 :

Node 3

Node 2
CCGGTGTAAATCGGAGGATC
CCGGTGTAAATCGGAGGATC
CCGGTGTAAATCGGAGGATC
CCGGTGTAACTCGGTCGATC
CCGGTGTAACTCGGTCGATC

L

GRART RS AR RAEaS

NP

1
H
e

Total Entropy:
2.91

CCGGTGTAAATCGGAGGATC
CCGGTGTAAATCGGAGGATC
lCCGGTGTAAATCGGAGGATC

5 10 15
NP

~ Node 4
CCGGTGTAACTCGGTCGATC
, CCGGTGTAACTCGGTCGATC

5 10 15
NP

Total Entropy:

0

J

Taxa

Gammaprotocbacteria

Gammaproteobacteria
@ ™ .o

g <

B o :

3

o

< »

=

o

2

3

a

>

o

: 7.48
& "

Heoxadella dedritifera

Percent Abundance

Entropy

¥

%
’

Reference: https://www.nature.com/articles/ismej2014195

3% OTUs

Hexadeolla cf. dedritifera

Percent Abundance

Entropy

¥

$ 3§

Water Column

MED Nodes

MED node 703

MED node 166 MED node 703

0.84 0.55



Mutual information (G415 &)

PAB (a ; b)

I(A,B) =) panp(a,b)log

pala).pp(b
= pa(a).pB(b)
ERENSSEGINYE Xiie: it 35 HAHX)FIH(Y) 208, HX]Y)RTHY | X) 2 50
F&, TTHGY) XY A4
H(XY)
X Y) = H(X) — (X|Y) \ I0X:Y)=H(X)-H(X]Y)
=H(Y)-H(Y|X i ‘~| i 1XY)=H(Y)-H(Y|X)
= H(X) + H(Y) - H{X’Y] ) 1(X:Y J=H(X)+H(Y)-H(XY)
_ H(X,Y) — H(X|Y) — H(Y|X)



Finding New Motifs

Learning Motif Models



Motif Finding Problem

* Given a set of sequences, find the motif
shared by all or most sequences, while its
starting position in each sequence is unknown

* Assumption:
— Each motif appears exactly once in one sequence
— The motif has fixed length



Motif Finding

* Given the missing data, it’s a multinomial distribution

J+W -1
Pr(X;1Z; =1 p) = pr.k pr.kk o TT P
k=j+W
befor:motif m:)rtif afterTnotif

Xi is the ith sequence

Zij is 1 if motif starts at positionjin sequence i



Example

* Finding motif ( length 3) in following
sequences

ACAGCA

AGGCAG

TCAGTZC



EM Updating

211 + 213 + %921 + %33

pPa1 =
211-|-2’12-|-213—|—Zl4+"‘—|—231—|-2’32—|—2’33—|—2’34
. 219 + 294 + 239
C,1 —
211+Z12—|—Z13—|—214—|—"'—|—231—|—232-|—233—|-234
. 214 T 292 1+ 223 + 232
G,1 —
211—|—212-|—Z13—|—214—|—"'—|—2’31—|-232—|-2’33—|—234
. <31
Pr1 —

2’11—|—212—|—213—|—Zl4—|—"'—|—2’31—|—232—|—233—|—234



Generative Model

Suppose the sequences are aligned, the aligned regions are
generated from a motif model

Motif model is a PWM. A PWM is a position-specific
multinomial distribution.

— For each position i, a multinomial distribution on (A,C,G,T):
QiaYic/Yic/ dit

The unaligned regions are generated from a background
mOdEI: pAIpCIpGIpT



——O0O>

A Promoter Model

Length K
AN

I
/ \

Motif Background DNA
Ml I\/IK
d 2 A 4 i 3 A 025 -
2 2 2 .2 .5 4 T 0 25 -
als|al2l2]a2 G: 0.25 -
3|1]2]2]2]4 c:0.25 I}

AN

P(S[M) P(S|B)

The same motif model in all promoters



Probability of a Sequence

Given a sequence(s), motif model and motif location

1 60 65 100

ATATGC

\\\

100
P(Seq| Mstart =10, Model) = HP(S |B)HP Si.es IM)] [ P(S; | B)

=66

M, My

S; = nucleotide at position i in
the sequence

O 0>

Rl NS W

[N NN BT, T (SN

[T BN I N (RN

w|l > N] R




Parameterizing the Motif Model

Given multiple sequences and motif locations but no motif model

—

M, Mg
AATGCG A as | 12 | 12 1/4
ATATGG Count Frequencies C 1/2
ATATCG >
GATGCA Add pseudocounts G | ¥ V2 112 | 3
T 12 |12 | 1/2




Finding Known Motifs

Given multiple sequences and motif model but no motif /ocations

P(Seqwindow | MOtIf)
e /\: window

Calculate P(Seq,, 40w | MoOtif) for every starting location

Choose best starting location in each sequence



The EM Approach

* EMis a family of algorithms for learning
probabilistic models in problems that involve
hidden state

* inour problem, the hidden state is where the
motif starts in each training sequence

t




The MEME Algorithm

Bailey & Elkan, 1993

uses EM algorithm to find multiple motifs in a set of
sequences

first EM approach to motif discovery: Lawrence &
Reilly 1990



EM Algorithm for Motif Discovery

1. Start with random motif model

2. E Step: estimate probability of motif positions for each
seguence

3. M Step: use estimate to update motif model

4. |lterate (to convergence)

At each iteration, P(Sequences|Model) guaranteed to increase




Demo: Initialization

e Given a random motif model

o0 >

0.1

0.2

0.1

0.4

0.1

0.3

0.2

0.2

0.2

0.2

0.5

0.4

0.4

0.5

0.4

0.2

0.2

0.2

0.3

0.1

0.2

0.2

0.2

0.1

Wi



Demo: E-Step

e E Step: estimate probability of motif positions
for each sequence




Demo: M-Step

M Step: use estimate to update motif model

01 (01 |01 (01 (01 |03

02 (03 |02 (02 (05 |01

04 |05 (04 |05 |02 |01

OO0 >

03 01 (02 |02 |02 |01




Basic EM Approach

 we’ll need to calculate the probability of a training
sequence given a hypothesized starting position:

J+W -1
Pr(X;1Z; =1, p) = Hpck Hpckk,ﬂHpck
k=j+W
befor:motif m:)rtif afterTnotif

Xi is the ith sequence

Zij is 1 if motif starts at positionjin sequence i

Ck is the character at position k in sequence i



Example

X. =G C|T G T|lA G

0 1 2 3

A 0.25 0.1 0.5 0.2

p: C 0.25 0.4 0.2 0.1

G 0.25 0.3 0.1 0.6

T 0.25 0.2 0.2 0.1
Pr(X;1Z,;=1p) =

Peo X PcoXPr1X Ps2XPrsXPapg>XPso=

0.25x0.25x0.2x0.1x0.1x0.25x0.25



The E-step: Estimating Z
e To estimate the starting positions in Zat step t

7 (1) _ PI’(Xi ‘Zij =1, p(t)) Pr(zij :1)

j = L-W+1

S Pr(X,1Z, =1 p“)Pr(z, =1)
k=1

* This comes from Bayes’ rule applied to

I:)r(zij =1[ X, p(t))



The E-step: Estimating Z

e Assume that it is equally likely that the motif will
start in any position

g0 P 1Z, =1 p©) BRZE=1).

L-W+1

D Pr(X,12, =1, p)BRER=])




Example: Estimating Z
X=GCTGTA AG

0 1T 2 3

A 0.25 0.1 0.5 0.2

p= C 0.25 0.4 0.2 0.1
G 0.25 0.3 0.1 0.6

T 0.25 0.2 0.2 0.1

Z,=0.3x0.2x0.1x0.25x0.25x0.25x0.25
Z.,=0.25x0.4x0.2x0.6x0.25%x0.25x0.25

Th ize so that "o
¢ en normalize so that —
>z, =1

j=1



The M-step: Estimating p

* recall pc,k represents the probability of character cin
position k ; values for position 0 represent the background

p(t+1) _ c,k T d
c,k Z (nb k 4 d> pseudo-counts
> Yz, k>0

L LXK ek =C}

nc’k = < W
-2.N; k=0
total # of c’s — ’
in data set 1=



Example: Estimating p

ACAGCA
Z,,=01,2,=07,2,,=0.12,,=0.1

AGGCAG
Z,,=04,7,,=01,2,,=0.12,,=0.4

TCAGTC
Z,,=022,,=06,2,,=0.1,2,,=0.1

Zl,1 + Zl,3 + ZZ,1 + 23,3 +1

Pa1 = 2, 471y + 255+ 2y, +A4



MEME - implements
EM for motif
discovery in DNA and
proteins

MAST — search
sequences for motifs
given a model

References

Timothy L. Bailey, Mikael Bodén, Fabian A.
Buske, Martin Frith, Charles E. Grant, Luca
Clementi, Jingyuan Ren, Wilfred W. Li,
William S. Noble, "MEME SUITE: tools for
motif discovery and searching", Nucleic
Acids Research, 37:W202-W208, 2009.

MEME

MEME Suite Menu
Submit A Job
#-Documentation
Downloads
#-User Support
@-Alternate Servers

Authors

Citing

The MEME Suite

Motif-based sequence analysis tools

Previous version (4.8.1)

—>{ TomTom » Aligned motifs
MEME = -
»| MEMEChIP | —> == —| -
GLAM2

Motifs —> FIMO » Annotated sequences
MAST ———

= MCAST S S—
Sequence! [GLAM2SCAN| e
database b

L ——% Gomo |—>Annotated motifs
— :

R
database
The MEME Suite allows you to:

discover motifs using MEME, DREME (DNA only) or GLAM2 on groups of related DNA or protein sequences,
search sequence databases with motifs using MAST, FIMO, MCAST or GLAM2SCAN,
compare a motif to all motifs in a database of motifs,

associate motifs with Gene Ontology terms via their putative target genes, and
analyse motif enrichment using Spalo or CentriMo

Unaligned sequences

P A

To submit a query, click on one of the logos below or select "Submit A Job" from
the menu at the left.

©MEME | MAST TOMTOM
feomo  PEJGLAM2 ) GLAM2SCAN

FIMO ~"MCAST

3 \ Find Individual Motif
Motif Cluster Alignment and Search Tool

DREME

Discriminative DNA Motif Discovery

{4, MEME-ChIP

% Motif Analysis of Large DNA Datasets

[;quntriMo

Central Motif Enrichment Analysis

& SPAMO |j~3 :

‘Spaced Motif Analysis Tool

http://meme.sdsc.edu/meme/



P(Seq|Model) Landscape

EM searches for parameters to increase P(seqs|parameters)

Useful to think of
P(segs|parameters)
as a function of parameters

EM starts at an initial set of
parameters @

And then “climbs uphill” until it
reaches a local maximum @

P(Sequences|paramsl,params2)

Where EM starts can make a big difference



Search from Many Different Starts

To minimize the effects of local maxima, you should search
multiple times from different starting points

MEME uses this idea

Start at many points
Run for one iteration

Choose starting point that got
the “highest” and continue

P(Sequences|paramsl,params2)
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Gibbs Sampler

e A stochastic version of EM that differs from
deterministic EM in two key ways

* At each iteration, we only update the motif
position of a single sequence

 We may update a motif position to a
“suboptimal” new position



Algorithm: Gibbs Sampler

1. Start with random motif locations and
calculate a motif model

2. Randomly select a sequence, remove its motif
and recalculate tempory model

3. With temporary model, calculate probability
of motif at each position on sequence

4. Select new position based on this distribution

5. Update model and Iterate



Sampling New Motif Positions

* For each possible starting position, & =1 ,
compute a weight (likelihood ratio)

J+W -1
H Pe, k-j
_ k=]
Aj jHw

H pck,O
k=]

* Randomly select a new starting position &
according to these weights




Demo: Initialization

e Random choose motif location

I
W



Demo: Step 2

 Random Select One Sequence and Remove Its
Motif. Recalculate its Temporal Model

Wi

01(02)01|04]|01]03

02)102]02(02|05]|04

04)105]|04(02]02]0.2

OO0 >

03(01)02)02]02]01




Demo: Step 3

* Calculate Probability of motif at each position
on sequence




Demo: Step 4

* Demo: Select New Position, Update Motif

Model

!
{n

O 0 >

0.1

0.1

0.1

0.1

0.3

0.3

0.2

0.2

0.5

0.1

0.5

0.4

0.5

0.2

0.1

0.1

0.2

0.2

0.2

0.1

W



Gibbs Sampling and Climbing

Because gibbs sampling does always choose the best new location
it can move to another place not directly uphill

. 5 L
e R
v ’

’ ’ ’
" a ]
,

P(Sequences|params1,params2)

In theory, Gibbs Sampling less likely to get stuck a local maxima



AlignACE

Implements Gibbs sampling for motif discovery
ScanAce - look for motifs in a sequence given a model

CompareAce — calculate “similarity” between two motifs (i.e. for
clustering motifs)

Reference

1.

Roth, F.R., Hughes, J.D., Estep, P. E. & G.M. Church. Finding DNA
Regulatory Motifs within Unaligned Non-Coding Sequences Clustered
Sta)}/l5\/\(51;93!9(—:-8—)6enome MRNA Quantitation. Nature Biotechnology 16, 939 -

Hughes, JD, Estep, PW, Tavazoie S & GM Church. Computational
identification of cis-regulatory elements associated with groups of
functionally related genes in Saccharomyces cerevisiae,
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Below computation is wrong!!!



d Maximum likelihood

Example o HTTTHHTHTH 5H,5T L
° HHHHTHHHHH  OH 1T b,=5445=0.80
o HTHHHHHTHH  8H,2T "
P3N, Pl ok Q HTHTTTHHTT 4H,6T %= g 717048
ECIHIC2, ZAJ5IMC1EY o THHHTHHHTH | 7H,8T
HQUvEIERIE, A SSe‘smméw 24H,6T 9H, 11T
Je A B3N Y 1E |

E* E/%$1E o b Expectation maximization

E-step

X UL 21 A Tl
Z: R — A A T __ ConA | ConB

B IRITE DL FIIE/

N HTTTHHTHTH 0.45X ° 0.55X o ~2.2H, 2.2T ~2.8H, 2.8T
Z:%n@ ' HHHHTHHHHH

HTHHHHHTHH 0.88X ° 0.12X o ~7.9H, 0.9T ~1.1H, 0.1T
HTHTTTHHTT

THHHTHHHTH 0.77X ° 0.23X o ~6.2H, 1.5T ~1.8H, 0.5T

_J 0.36X ° 0.64X o ~1.4H, 2.2T ~2.6H, 3.8T

6,"=0.60 0.66X | o 0.34X o ~4.6H, 2.0T ~2.4H, 1.0T

. . . » 0 I
Random distribution 6°=0.50 ~22.3H, 8.9T ~10.7H, 8.1T

assumption

[ O_A = 22.3/(22.3+8.9)=0.71
—
©_B =10.7/(10.7+8.1)=0.57




Example: Random distribution




