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9% : Dimension Reduction

Feature selection
PCA, LDA, CCA, SVD
MDS, tSNE

LASSO

Others



Dimension Reduction

* |[nputs: high dimensional
X, Xy, -, X, c RP
e QOutputs: low dimensional

V1,Ye,--- .Y, € R, d<< D

* Constraints: Nearby points remain nearby,
distant points remain distant.



Curse of Dimensionality

* A major problem is the curse of dimensionality.

* If the data x lies in high dimensional space, then an
enormous amount of data is required to learn
distributions or decision rules.

 Example: 50 dimensions. Each dimension has 20
levels. This gives a total of 20°° cells. But the no. of
data samples will be far less. There will not be
enough data samples to learn.



Curse of Dimensionality

* One way to deal with dimensionality is to
assume that we know the form of the
probability distribution.

* For example, a Gaussian model in N
dimensions has N + N(N-1)/2 parameters to
estimate.

* Requires O(N?) data to learn reliably. This
may be practical.



Curse of Dimensionality




Curse of Dimensionality

Classifier performance

Dimensionality (number of features)




Curse of Dimensionality
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Curse of Dimensionality




Curse of Dimensionality

0.45




Curse of Dimensionality




Curse of Dimensionality

Solutions:
e Feature seleciton

* Projection of data onto a lower-dimensional
space



Feature seleciton
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Feature seleciton
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Feature seleciton

input

data matrix

output

data matrix

Reason 1: representativeness of features

Feature Selection
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Feature seleciton

Reason 2: reduction of redundant features
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Feature seleciton

NSRRI IE B AR AR A B 22

o EVWZ I, FATHIRE R H DI KT RATH I ZRFEAR KN XAy
fIN/INDIR TR R, XA A IR AR 2 5 S EUS IS o BT PAFRAT Tt 2 PR AR ALE 2
HUEDHIEH o 1 HAEX AR FE R I GO 2, R DA T A J s
KR, Fraeus RS 105 S I 4E B ROk .

« fEfETAEA, HANEEREBERRE T (BB BT, N T AR A
2 E, WG SRR ST, XM GER A2 D'
MR BCR R . XAERATREW D BRI E PG THE S, PLREAE S

KL BATTR] A SIAFAE S AR G 2 2 mUdLas 2 > /gt b il R A sz —



Feature seleciton

Subset selection
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training set error
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Feature seleciton

all subsets on prostate cancer
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subset size
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Feature seleciton

* MRMR (minimum Redundancy Maximum
Relevance Feature Selection)

e Random forest



Feature seleciton

MRMR (minimum Redundancy Maximum Relevance Feature Selection)

[ Frequently Asked Questions | Online Version | C/C++ Version with Source Codes | Matlab Version |
Sample Data Sets | Major Publications | BIBM'07 Tutorial Slides]

» Online Version: You can run the program using your own data through the following form, -- you can also download the program and run
on your own machines (see links below).

* Data file (Standard CSV file format, where each row is a sample and each column is a variable/attribute/feature. MAKE SURE YOUR
DATA |S SEPARATED BY COMMA, BUT NOT BLANK SPACE OR OTHER CHARACTERS!! The first row must be the feature names, and the
first column must be the classes for samples. You may download a testing example data set here, which is microrray data of lung
cancer (7 classes). The data has been discretized as 3-states. Note that the web-based program can only accept a data file with the
maximum size 2M bytes, and maximum number of variables = 10000 -- if you have a larger data set, you should download the program
and run on your own machine (see download links below).

PR | ARIEEEASE

* What is the feature selection scheme you want to use:
MID {Mutual Information Difference) v

* How many features you want to select:
50 v



Random forest

Feature(f) Feature(f)

Treet, —  ~_ .. Tree t,

Py (clf) Pa(clf)

P(clf) = ) PaCclf)
1



Curse of Dimensionality

Solutions:
 Feature seleciton

* Projection of data onto a lower-dimensional
space



Dimension reduction illusions
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Dimension Reduction

1 dimension:
10 positions

2 dimensions:
100 positions
@

3 dimensions:
» 1000 positions!
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Dimension Reduction
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Dimension Reduction

 One way to avoid the curse of dimensionality
is by projecting the data onto a lower-
dimensional space.

* Techniques for dimension reduction:
— Principal Component Analysis (PCA)

— Singular value decomposition (SVD)
— Multi-dimensional Scaling (MDS).



Dimension Reduction

PCA
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Principle Component Analysis
(PCA)



Dimension Reduction & PCA

meaan principal basis 1 reconsiructed with 2 basas reconsiructad with 10 bas
principal basis 2 principal basis 3 reconstructed with 100 bases reconsiructad with 506 bas




Principal Component

—-3F
B

= -3 -2



Dimension Reduction & PCA

e PCA reduce dimensions of data without much
loss of information.

* Used in machine learning and in signal
processing and image compression (among
other things).



Variance and Covariance

e Let X, Y are random variable

Var(X) = E(X?) — B(X)?
Cov(X,Y)=E[(X —EX)(Y — EY)]
= F(XY) - E(X)E(Y)



Multivariate Random Variable

* For multidimensional random vector

[ X1

Xo

X, )

o
|




Variance and Covariance

e Variance of the multivariate variable
(commonly referred to as covariance)

—

Var(X) = E[(X — E(X)(X — E(X)7T]

* For simplicity, we simply note as

Var(X) = E[(X — E(X))(X — E(X))"]



Projection to 1D

* Let 7z = aTx be the projection, which is a
random variable (1D)

E(Z) = o' E(X)

Var(Z) = E(Z*) — E(Z)
= E[(a’ X)(a" X)7]) = [(a B(X))(a” E(X))"]
=o' [E(XXT) - E(X)E(X)"]a
=o' Var(X)a



Sample Variance and Covariance

* Given thei.i.d samples, X1 X2 ... X"




Principle Components

* The first principle component is the
projections that catches the maximum

variance, we can obtain a optimization
problem max o Yoy

(8

st.ala=1

* The solution is the eigenvector corresponding
to the largest eigenvalue

Ya = \a



Principle Components

* Similarly, we can get the second, third
principle components with extra orthogonal
constraints,

2051 — )\1051

ZCYQ = AQO&Q



Principal Component

Ny

Original Variable A

Original Variable B




Principal Component
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Matrix Diagonalization

* For a covariance matrix * , there exist a
orthogonal matrix Q, such that

()\1 0 e 0 \
orso_ | 0 e 0
\0 0o ... )\p/

where X\ >)\>---), >0



Using Eigenvectors for Diagonalization

* Let o;,i=1,2,---,p be aset of orthogonal
unit eigenvectors with eigenvalue ),

2051 — )\1051

ZQQ — /\2 X9
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Principle Components

* Given p orthogonal unit eigenvectors «;

iai :Ai&iai:1327°°' » P

* let Z,=aTX ,i.e Z=0Q"X, where

/2\

\ 2, /

Q) = (@170427 T v@p)pxp



PCAiInR

prcomp(stats)
— Principal Components Analysis (preferred)

princomp(stats)
— Principal Components Analysis

screeplot(stats)
— Screeplot of PCA Results

summary(obj)
loadings(obj)



PCA problems

PCAIE SR 72 1E [ 4E 2 Jm B8 i KU IRFFEE N FES B, JFE &R 7 H b
I 7 22 1K /N R AT &% 7 o) B BB o B KRR HRRE LU 0 3 1 X 234 O
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PCA & LDA

LDA:
1. AR EHE 2R n] ge ) HE1E (within class)

2. ANEIZERPIETE SR T RERT 70 H (between class)



PCA & LDA

Feature 2

Feature 1



factor analysis (BZH7)

p(z)

Component 2

08F -

0_6

0.4

0.2F

rotation=none

da-Insight

Porsche 911

Component 1

0.5

PCoA

CCA



factor analysis (BZH7)

CCA: canonical correlation analysis

VISRV EPRA N it

cov(X, Y)
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factor analysis (BZH7)

CCA: canonical correlation analysis

VISRV EPRA N it

CCAKISVDfRE:
B SAMPTRIERXIDY, XFYREER AT
e X YRR EEp, XAOYRISM EEn2afb

1 HEXIIBESrx, VIORESy v, XRIYAUHAZSxy, VAXEHAZSy x = STy
2 HEHEIM = Syy” Sxy Syy
3. MEREMHTE BN, BB ANESE,, MEATSENNIAASSASY

4. EXRIVEEE IR R aRIb,a = Syy u, b= Sy} v




factor analysis (BEZ0 1)

CCA: canonical correlation analysis
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factor analysis (BZH7)

CCA: canonical correlation analysis
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PCA, LDA & CCA

o« ERTAHTPCA: B4R R NGRS T Z R K
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A FAE 77 R (SVD) f

N

o A SAE S fAR(SVD, Singular Value

Decomposition)

o

* Application I: Information retrieval

* Application Il: Gene expression data analysis

D
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@y {5 77 % (SVD)

C L. WARFRONSIEERE, WA A
SEBEU, nIE SR, (673 A=UDVT, SED k]
ﬁ%ﬁﬁ$ D, v, = (diag{alj oo 00,0, ’0}3 0). ﬁ%/@

o1 2> 09 2> - >0, >0, )I_\[[J

rank(A) =, N(A) = Span{v,41,- -+, Un},
R(A) = Span{uq,--- ,u,}.

r

— E T

A= O;U;U;
1=1

AR =02+ + 07
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& 7 4H 97 i (SVD)
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2 B 47 fi# (SVD)
o TR o0 R AR 2 SR
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A S 4H 77 fi# (SVD)
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Rank, Range, and Null space

* The rank of matrix A can be calculated from
SVD by the number of nonzero singular values.

 The range of matrix A is the left singular
vectors of U corresponding to the non-zero
singular values.

* The null space of matrix A is the right singular
vectors of V corresponding to the zeroed
singular values.



Rank, Range, and Null space
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Condition Number

« SVD can tell How close a square matrix A is to be singular.

* The ratio of the largest singular value to the smallest singular
value can tell us how close a matrix is to be singular:

o, 0 0 |
0 o 0

(O3
_0 0 O Ok |

« Aissingularif cisinfinite.
 Ais ill-conditioned if cis too large (machine dependent).



#t e {H 47 % (SVD)

o EFH2 (Eckart and Young): Let the SVD of A be
given by A=UDV" with r = rank(A) < p = min(m, n) and

define k
Ay = Z w007
1=1

r . E - zl— — g2 2
ank(}B)_—k H HF H AkHF T Ok—l—l + el —|— g

H.th || - ||FNFrobenius YT, & XN

main(m,n)

JAlF =) P =t = o




#t e {H 47 % (SVD)

* In other words, A,, which is constructed from
the k-largest singular triplets of A, is the
closest rank-k matrix to A. In fact, A, is the
best approximation to A for any unitarily
invariant norm|[*].

* L. MIRSKY, Symmetric gage functions and unitarilly invariant
norms, Q. J. Math, 11(1960), pp. 50-59.



ELSS (V)

o HIKk A FHE I TTERER
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SVDZ& 45|

I

|
N = =
W N B

1
1
1

DO = =
O ==

r(A) = 2,01 = 5.70863, 05 = 1.188084, 05 = 0

U — (ula U2, US)

0.4836967 0.5157882  0.7071068
U= 0.7294347 —0.6840504 0
0.4836967 0.5157882 —0.7071068



SVDZ4 4]

V — (Ula Ug, U3, U4, U5)

(—0.4250167 —0.28324973  0.00000000  0.85972695  0.000000000 \
—0.7222558  0.00926002  0.50863102 —0.35400522 0.306978282
V=1 —0.4250167 —-0.28324973 —0.80435350 —0.30343304 —0.008618095
—0.2972391  0.29250975  0.08281395 —0.05057217 —0.903698656
—0.1694616  0.86826924 —0.29572248 0.20228869  0.298360187

2
01

A= OlulfulT + JQUQU;‘F, c= — > = 0.953484
o1 + 03

T
A ~ oyuqvy

L.173575 1.994325 1.173575 0.8207501 0.4679250
= | 1.769800 3.007526 1.769800 1.2377253 0.7056503
L.173575 1.994325 1.173575 0.8207501 0.4679250



SVD in R

e svd()
e |a.svd()

* A good demo

http://www.ats.ucla.edu/stat/r/pages/svd _demos.htm



SVD vs PCA

* If X is centering each column, then X™X is
proportional to the covariance matrix of
variables g.. So, the right singular vectors {v,}
are the same as the principal components.

* |f instead each row of X is centered, XX' is
proportional to the covariance matrix of the
variables a;. In this case, the left singular
vectors {u,} are the same as the principal
components of {a;}.



Data Fitting Problem

y:ax2+bx+c

(x?  x; 1] (V1
S I B B a= V- [diog(1/07)] - (UT y)
_ i
Xfg oxn 1| =~ | VM |

5 y




lmage Processing

[UW,\V]=svd(A)
Newlmg=U(:,1)*W(1,1)*V(:,1)




Digital Signal Processing (DSP)

e SVD is used as a method for noise reduction.

* Let a matrix A represent the noisy signal:
— compute the SVD,
— and then discard small singular values of A.

* [t can be shown that the small singular values
mainly represent the noise, and thus the rank-
k matrix A, represents a filtered signal with
less noise.



A - AE 77 % (SVD)

BRI AR = 510 B A R 1E RT3 = 41




a1 o+ {H 77 fiF# (SVD)
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nxq

Thresholding

nxp

Thresholding




M genes

2786 genes

H. 77 % (SVD)

N penes

Gene state-

space model
u,
Arrays Eigenarrays Eigengenes Arrays
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Applications

* Information retrieval
— LSI: Latent semantic indexing
— SVD applied to term document matrix
— compute best rank k approximation
— eigenvectors correspond to linguistic concepts

* Gene expression data analysis

— SVD useful preprocessing step

— grouping genes by transcriptional response,
grouping assays by expression profile



Latent Semantic Indexing (LSI)
by
Singular Value Decomposition

Michael W. Berry, Susan T. Dumais, Gavin W. O'Brien. Using
Linear Algebra for Intelligent Information Retrieval. SIAM
Review 37(4): 573-595, 1995.



Information Retrieval

e Q: “Light waves.”
7 . . ”

* D;: Particle and wave models of light.

* D,: “Surfing on the waves under star lights.”

* D,: “Electro-magnetic models for fotons.”

particle] wave | modell heht | surfing  star] electro-magnetiq  foton] [REL | MATCH

|:|I % %" % ® B Bl
[1, : 8|
|:|'; R




Motivation for LSI

To find and fit a useful model of the
relationships between terms and documents.

To find out what terms "really" are implied by
a query .

LS| allow the user to search for concepts
rather than specific words.

LSI can retrieve documents related to a user's
guery even when the query and the
documents do not share any common termes.



How LSI Works?

Uses multidimensional vector space to place
all documents and termes.

Each dimension in that space corresponds to a
concept existing in the collection.

Thus underlying topics of the document is
encoded in a vector.

Common related terms in a document and
qguery will pull document and query vector
close to each other.



LS| Method

* Create a rank-k approximation to A
* k<ryork=r,,
* A =US, V',

Term k Document
Vectors Vectors
]
k iﬁ'{%
] ()
= |
Ay U i b)
L S
k
m X n mXxr rxr rxXn

FIG. 1. Mathematical representation of the matrix Ay.



LS| Method

* Using truncated SVD, underlying latent
structure is represented in reduced-k
dimensional space.

* Noise in word usage is eliminated



LSI-Procedure

e Obtain term-document matrix.
 Compute the SVD.

* Truncate-SVD into reduced-k LSI space.
— k-dimensional semantic structure

— Similarity on reduced-space
* Term-term
* Term-document
* Document-document



Query processing

* Map the query to reduced k-space
qlquUkS_lk
e Retrieve documents or terms within a
proximity.
— Cosine
— Best m



Updating

* Folding-in
d’=d'U,S?,
similar to query projection

* SVD re-computation



Folding-In (Documents)

m X n _ m x k P kxk k>§n
P
i
m x (n+p) m x k k x k k x (n+p)

FiG. 2. Mathematical representation of folding-in p documents.



Folding-In (Terms)
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F1G. 3. Mathematical representation of folding-in q terms.



Label

Titles

Bl
B2
B3

B3

B7
BE

B10
Bl1

B12
B13

B14
Bl5

Bl6

B17

A Course on Integral Equations

Attractors for Semigroups and Evolution Equations

Automatic Differentiation of Algorithms: Theory, Implementation,
and Application

Geometrical Aspects of Partial Differential Equations

Ideals, Varieties, and Algorithms - An Introduction to
Computational Algebraic Geometry and Commutative Algebra
Introduction to Hamiltonian Dynamical Systems and the
N-Body Problem

Knapsack Problems: Algorithms and Computer Implementations
Methods of Solving Singular Systems of Ordinary

Differential Equations

MNonlinear Systems

Ordinary Differential Equations

Oscillation Theory for Neutral Differential

Equations with Delay

Oscillation Theory of Delay Differential Equations
Pseudodifferential Operators and Nonlinear Partial Differential
Equations

Sinc Methods for Quadrature and Differential Equations
Stability of Stochastic Differential Equations with Respect

to Semi-Martingales

The Boundary Integral Approach to Static and Dynamic

Contact Problems
The Double Mellin-Bames Type Integrals and Their Applications

to Convolution Theory

o|dwex3

S9]11L M3IARY IAVIS
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Mapping Method

 Compute the truncated SVD (k=2)
 Terms plane

— Xx-coordinates : The first column of U, multiplied by the
first singular value, for the

— y-corrdinates: second column of U, multiplied by the
second singular value.
 Documents plane:

— x-coordinates : The first column of V, scaled by the first
singular value, for the

— y-corrdinates: second column of V, scaled by the second
singular value.
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Query

* Query: “application and theory”
g’'=[0100000000000001].

T

0 \ 0.0159
1 0.0266
0 0.1785
0 0.6014
0 0.6691
0 0.0148
0 0.0520
0 0.0066
0
0
0
0
0
0
0
1

(

(00511 -0.3337 )= 0.1503

0.0813
0.1503
0.1785
0.1415
0.0105

0.0952
} 0.2051

—-0.4317
—0.3756
—0.1692
0.1187
0.1209
—0.3603
—0.2248
—0.1120
0.1127
0.0672
0.1127
-0.1692
0.0974
—0.2363
0.0399
—0.5448

)

(

-1
4.5314 0
0 2.7582

FiG. 5. Derived coordinates for the query of application theory.
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Comparison with Lexical Matching

Query of “Application and theory”; k=2

Using a cosine threshold of 0.9 returns 6
books: B,, B, B, B, B,¢, and B,-.

Using a cosine threshold 0.55 also returns B,
and B,, (somewhat related)

But lexical matching only returns 4 books: B,,
Bll' BlZ' Bl7



Gene Expression Data Analysis
Using SVD

Wall, Michael E., Andreas Rechtsteiner, Luis M. Rocha."Singular value
decomposition and principal component analysis". in A Practical Approach to
Microarray Data Analysis. D.P. Berrar, W. Dubitzky, M. Granzow, eds. pp. 91-
109, Kluwer: Norwell, MA (2003). LANL LA-UR-02-4001.
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Figure 5.1. Graphical depiction of SVD of a matrix X, annotated with notations adopted 1 this chapter.



Left Singular Vector and
Right Singular Vector

* The right singular vector span the space of the
gene transcriptional responses {g.};

* The left singular vectors span the space of the
assay expression profiles {a;}



Eigen-vectors

* Genes: linear combination of eigen-genes {v,}
gi = ZuikSk’Uk, v=1,---,m.
k=1

* Assays: linear combination of eigen-assays {u,}

r
a; = E Uik Sk U
k=1



Dimension Reduction

e Using the idea of truncated-SVD, we can
represent expression profiles as,

d
—;.: US{J Z.Zl"‘ m
q; 1k2kVEk, ’ ’ .
k=1

where d<r=rank(X).

* In another word, we treat the last several
singular values only contributing to the noise.
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Figure 5.2. Visualization of the SVD of cell cycle data. Plots of relative variance (a): and the first (b), second (¢) and
third (d) eigengenes are shown. The methods of visualization employed in each panel are deseribed in section 2.1.
These data mspired our choice of the sine and exponential patterns for the synthetic data of section 2.1.



Synthetic Time Series Data

2000 x 14
1600 noisy genes

200 genes with noisy sine patterns
2t
asin(—z), a~ U(1.5,3)
140

200 genes with exponential patterns

t
beXp(—m)» b~ U(4,8)



Synthetic Data
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Figure 5.3. Gene transcriptional responses from the synthetic data set. Overlays of a) five noisy sine wave genes and b)
five noisy exponential genes.
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Figure 5.4, Visualization of the SVD of the synthetic data matrix. a) Smgular value spectrum 1n a relative variance plot.
The first two singular values account for 64% of the variance. The first (b), second (¢), and third (d) eigengenes are
plotted vs. time (assays) in the remaining panels. The third eigengene lacks the obvious cyclic structure of the first and
second.



Scatter Plots

* Projection of data into SVD subspaces and
visualization with scatter plots can reveal
structures in the data that may be used for

classification.
 Two gene “coordinates” for scatter plots
— Projection
— Correlation



Scatter Plots

* Projection of g, on eigen-gene v,
Git = Gi - U, XV =US = i1, = (US)

* Correlation between g, and eigen-gene v,
ik = PCC@}; ﬁk)

(X - 7)0@—?)
\/z Y- V)2

PCC(X,Y)
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Figure 5.5. SVD scatter plots. Genes from our synthetic example data set are displayed in a) a projection scatter plot;
and b) a correlation scatter plot. The bottom right cluster corresponds to sine wave genes, and the top right cluster
corresponds to exponential decay genes. The cluster of genes around the origin corresponds to the noise-only genes.



More Applications

* Netflix prize, big data, SVD and R

http://blog.revolutionanalytics.com/2011/05/
the-neflix-prize-big-data-svd-and-r.html



Multi-dimensional Scaling
(MDS)

#5843 Slide |
www.cs.haifa.ac.il/~rita/uml_course/
lectures/PCA_MDS.pdf




MDS (2 4 )X 77 HT)

Prestigious to own High

>

Mercedes-Benz -
JAGUAR

G
High Cﬁg@ Low

@ Audi

Financial effectiveness

Low



MDS (% 48 )X 57 4T)

 MDS attempts to preserve pairwise distances.

* Attempts to construct a configuration of n
points in Euclidian space by using the

information about the distances between
the n patterns (Not necessary n points
in the high dimensional space) .-




MDS (% 48 )X 57 4T)
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Example: Distances between US Cities

BOS| CHI DC DEN LA MIA NY SEA SF
BOS 0 963 420 1,949 2979 1,504 206 2,976 3,095
CHI 953 0 671 998 2054 1,329 802 2,013 2,142
DC 429 671 0 1,616| 2,631 1,075| 233 2684 2799
DEN | 1,949| 996 1,616 0 1,059 2,037 1,771 1,307 1,235
LA | 2,979 2,054 2,631 1,058 0| 2,687 2786 1,131 379
MIA | 1,504| 1,329 1,075 2,037 2,687 0 1,308 3,273 3,053
WY 206 802 233 1,771| 2,786 1,308 0 2,815 2,934
SEA | 2976 2,013 2,684 1,307 1,131 3,273 2815 0 808
SF | 3,095] 2142 2,799 1,235 379 3,053] 2,934 808 0

o]
SEA
05— o
MY =[]
4]
a D
o DER CHI o
oo -
c SF
L") o
-
=
o
E
o 057 LA
=]
.0 WA
o
T T

ta

] 2
Dimension 1



Classical MDS ()

 Given n pointsX;,---, X, € R , the pairwise
dissimilarities

X,I; Xll X21 an
x| X x| A Ae o A
X, X, Xop 0 Xy D

0y = (Xi = X)) (Xi — X))
= X; X, + Xj X; - 2X} X;
=17+ 17 —2X] X

* Where |, is the length of ith point.



e Let

* Then

Classical MDS (lI)

D=(55"),K=X"X

k= dl&g{l%, l%a )

(1)

“?li}

D = kee! + eelk — 2K

nxl1

/(1 1
1 1
\ 1 1

nxn



Classical MDS (l1I)

 Centralization

X = :LZ —eTX

- 1
X=X—-eX =X —=-Xeel

e Let



Classical MDS (1V)

e We have

(n—1 —1

1 -1 n=1 -




e Let

Classical MDS (V)

~

K=XTX

K=(XHY"XH)=H'XT"XH=HKH

b=——HDH



Classical MDS (VI)

e Then
1
B = —§HDH
1
= —§H(keeT +eelk —2K)H!
1 1
—~ HKH" — §ereTHT - §HeeTkHT
— HKHT = K
* Here



Classical MDS (VII)

* Finally, we have
ann — Knxn — XTX > 0
 Then we can have a SVD of B (p<n)

B=VAV?T
A = diag{A\i, X, , Ap,0,---,0}

)\12)\22)\p>0

where V is a matrix whose columns are the
eigenvectors of B



Classical MDS (VIlI)

* With p-eignvectors, we can reconstruct B

(Xp)pxn = dmg{\/)\T, B \/)Tp}(vla T ?UP)T

* With k-eignvectors, we can reduce the
dimension to k-dimensional space

Yixn = diag{/ A1, s vV A (vr, -+ o)t



Classical MDS (IX)

* Optimality property

Theorem 1. Let X denote a configuration of points in RP, with interpoint distances
53 = (x; — 1;:}-}?{};,- X;). L&’f L be a p x p rotation matrix and set L = (L, L2), where
L1 is p X k for k < p. Let X = XLy, the projection of X onto a k-dimensional subspace
of P, and let dz (Xi —X;) 7% — X;). Amongst all projections X = XL, the quantity
p=7; j{ﬁz — d ) is minimized when X is projected onto its principal coordinates in k
dimensions. For -::u'!' I, ] we have du < 0;j. The value of ¢ for the principal coordinate

projection is ¢ = 2n(Agpy + -+ Ap).
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Relation to PCA

PCA

MDS

Spectral
Decomposition

Covariance Gram matrix
matrix (D x D) (1 x n)

Eigenvalues Matrices share nonzero eigenvalues
up to constant factor

Results Same

Computation O((n+d)D-) O((D+d)n’)




Non-metric MDS

Transform pairwise distances: o, —g(0,)
Transformation: nonlinear, but monotonic.
Preserves rank order of distances.

Find vectors J; such that |y, —y |~ ()

;

Cost = 1113}1’1 Z (g (0,) - | Vi~ yi‘



Non-metric MDS

Possible objective function:

7

Ix; =x; ([ =lly; =y, |l

Cost = Z

i HX_X

il



Non-metric MDS

e Strengths
— Relaxes distance constraints.
— Yields nonlinear embeddings.

* Weaknesses
— Highly nonlinear, iterative optimization with local
minima.
— Unclear how to choose distance
— transformation.



MDS Implementation

« MDSInR

— ISOMDS(MASS)
 Kruskal's Non-metric Multidimensional Scaling

— cmdscale(stats)
« Classical (Metric) Multidimensional Scaling

— sammon(MASS)
« Sammon's Non-Linear Mapping

* \arious software and resources about MDS
http://www.granular.com/MDS/



http://www.granular.com/MDS/

Other Methods

* Nonlinear dimension reduction
— Kernel PCA
— Locally linear embedding (LLE)
— Isomap
— t-SNE
— LASSO

A good tutorial: Ali Ghodsi. Dimensionality Reduction, A
Short Tutorial.

http://www.math.uwaterloo.ca/~aghodsib/courses/s09stat946/readings/tutorial stat890.pdf

 More materials can be found at his webpage
http://www.math.uwaterloo.ca/~aghodsib/courses/s09stat946/



http://www.math.uwaterloo.ca/~aghodsib/courses/s09stat946/readings/tutorial_stat890.pdf

t-SNE(t-distributed stochastic neighbor
embedding)

SNE & 18 i 177 & (affinitie) A2 Hols B s p B Bt BIRE R 0 A B, FEFEHAS

DI

o SNEMJE— NS gEXt R A IR AT, IS AL 54 5 = i
FRPEFE, AN GA BRI R g7 £

o SNETEARHEZS 8] BLAE M X L8 (S I E R 0 A, 1S IX MR A 2
B8] L A] BE B AR R .

Human Mouse Mixed Continuum

® 1 Multipotent progenitor NEAT1 high
@ 2 Dendritic cell progenitor_ID1 high

@ 3 Neutrophd progenitor_ CAMP high

@ 4 Monocyte progenitor PRTNS high

® 5 Neutrophd progenitor_MPO high

@ 6 Erythrocyte progendor_CA1 high

@ 7 Eosinophilbasophil/mast progenitors
@ 8 Monocyte progenitor_F13A1 high

© 9 B cell progenitor_IGKC high

# 10 Macrophage progenitor_CTSS high
@ 11 Neutrophdl progenitor_S100A12 high
© 12 HSClearty-erythroid progenitor

© 13 Megakaryocyle progenitor_ ITGA2B high
@ 14 cell cycle related cluster

@ 15 Neutrophil progenitor_ MMP8 high
® 16 HSC

ISNE 2




t-SNE(t-distributed stochastic neighbor
embedding)

© XJFRSNESERR EAERYEE N Sob—Fhigde” BT KJ5ik: Eagess
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t-SNE(t-distributed stochastic neighbor
embedding)



t-SNE(t-distributed stochastic neighbor
embedding)

Single-cell applications

e

preprocessing visualization
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ot percent_mdo %
02 ¥
o i |
v
00 i
5 “ / Ulhe Qores
T 10 107 w00
MOsn aDteason of Qone
< pseudotime analysis differential expression clustering ]

SRumon map DFT tranctes

SNE2

SNL OFT pssudotore

- -

1

08

1

o4

ShNEY

marker geres for chaders ME4AT (B cully)

25
20
Z15
§|o
08
00

gl

D1234567890MNANNSS

louvain groups

SNE: novain chasiors

b Speedup: Scanpy vs. Cell Ranger R

c

ISNE2

® Preprocessing
® PCA
® ISNE

0 20000 40000 60000

n cells

tSNE of clustered 1.3 million cells

o 1) » 26

i AL 27

.2 el5 .28

L E el 029

z el 17 3
L elB E)

s |96 w19 o2
20 o33

o2l + M

LR 022 35

®l3 @36

11 e24 07

eiZ =825 oM




t-SNE(t-distributed stochastic neighbor

FEANEH

embedding)
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LASSO

o Lassom—f¥iEREE A

« MRERTZMEBR, LERTIELZERER

o LassomETESI A EMNEARFEHITEEIREF
s BEXMBEAMARBHAITES, BEARIMOAEHERE
E45Z0
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Lasso Model
(least absolute shrinkage and selection operator)

e Lasso: Least Absolute Shrinkage and Selection
Operator

e Minimize

' n 1 p p
mn Z 5(%’ — Z Bizi;)? + A Z 1551
i=1 j=1 j=1

e Equivalent to minimizing sum of squares with
constraint (Lagarangian function)

p
pEARSE
j=1



Lasso Explanation

* The bound "s" is a tuning parameter. When IS
large enough, the constraint has no effect and the
solution is just the usual multiple linear least
squares regression of y on xy, X, ...X,,.

* However when for smaller values of s (s>=0) the
solutions are shrunken versions of the least
squares estimates. Often,some of the coefficients
b, are zero. Choosing s" s like choosing the
number of predictors to use in a regression
model, and cross-validation is a good tool for
estimating the best value for "s"

http://statweb.stanford.edu/~tibs/lasso/simple.html



Algorithms for Lasso
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Algorithms for Lasso

Standard convex optimizer

Least angle regression (LAR) - Efron et al 2004-
computes

Entire path of solutions. State-of-the-Art until
2008

Pathwise coordinate descent---New



Ridge Regression
* Minimize
mﬁin % Z(yz — Z Bixii)? + A Z |532|
i=1 j=1 7=1

* Equivalent to minimizing sum of squares with

constraint p :
> OIBi1P < s
j=1

 Close-form solution
gridee — (XTX 4+ AD)7'XTY



Ridge Regression

B /N —IefiR

Yl <5 R L LR
(R P 1)

Ridge 7 3%



Lasso and Ridge Regression
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LASSO |
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Training Data

Reference: https://healthcare.ai/visual-tour-lasso-random-forest/
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Lasso vs. Random forest
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Other dimension reduction methods

PCA, 10X Genomics 1.3M Mouse Brain Cells Autoencader 10 Hiden Layers, 10X Genomics 1.3M Mouse Brain cells
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1 dimension:
10 positions

2 dimensions:
100 positions
&

3 dimensions:
> 1000 positions!
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