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9 : Dimension Reduction

ÅFeature selection

ÅPCA, LDA, CCA, SVD

ÅMDS, tSNE

ÅLASSO

ÅOthers



Dimension Reduction

ÅInputs:  high dimensional 

ÅOutputs: low dimensional

ÅConstraints:  Nearby points remain nearby, 
distant points remain distant.



Curse of Dimensionality

ÅA major problem is the curse of dimensionality.

ÅIf the data x lies in high dimensional space, then an 
enormous amount of data is required to learn 
distributions or decision rules.

ÅExample: 50 dimensions. Each dimension has 20 
levels. This gives a total of             cells. But the no. of 
data samples will be far less. There will not be 
enough data samples to learn.



Curse of Dimensionality

ÅOne way to deal with dimensionality is to 
assume that we know the form of the 
probability distribution.

ÅFor example, a Gaussian model in N 
dimensions has N + N(N-1)/2 parameters to 
estimate.

ÅRequires              data to learn reliably. This 
may be practical.



Curse of Dimensionality



Curse of Dimensionality



Curse of Dimensionality



Curse of Dimensionality



Curse of Dimensionality



Curse of Dimensionality



Curse of Dimensionality

Solutions:

ÅFeature seleciton

ÅProjection of data onto a lower-dimensional 
space



Feature seleciton



Feature seleciton



Feature seleciton
Reason 1: representativeness of features



Feature seleciton

Reason 2: reduction of redundant features 



Feature seleciton
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Feature seleciton
Subset selection



Feature seleciton



Feature seleciton

ÅmRMR (minimum Redundancy Maximum 
Relevance Feature Selection)

ÅRandom forest



Feature seleciton



Random forest



Curse of Dimensionality

Solutions:

ÅFeature seleciton

ÅProjection of data onto a lower-dimensional 
space



Dimension reduction illusions



Dimension Reduction



Dimension Reduction



Dimension Reduction

ÅOne way to avoid the curse of dimensionality 
is by projecting the data onto a lower-
dimensional space.

ÅTechniques for dimension reduction:

ïPrincipal Component Analysis (PCA)

ïSingular value decomposition (SVD)

ïMulti-dimensional Scaling (MDS). 



Dimension Reduction

̂1̃ ̔PCAȁICAȁLDAȁLFAȁLPP 
̂2̃ ̔

ŵ ԍ ₱ ̔KPCAȁKICAȁKDA 
Ŷ ԍ ṿ ̔ISOMAPȁLLEȁLEȁLPPȁLTSAȁMVU 



Principle Component Analysis
(PCA)



Dimension Reduction & PCA



Principal Component



Dimension Reduction & PCA

ÅPCA reduce dimensions of data without much 
loss of information.  

ÅUsed in machine learning and in signal 
processing and image compression (among 
other things). 



Variance and Covariance

ÅLet X, Y are random variable



Multivariate Random Variable

ÅFor multidimensional random vector



Variance and Covariance

ÅVariance of the multivariate variable 
(commonly referred to as covariance)

ÅFor simplicity, we simply note as



Projection to 1D

ÅLet                  be the projection, which is a 
random variable (1D)                   



Sample Variance and Covariance

ÅGiven the i.i.d samples, X(1), X(2)Σ ΧΧΣ ·(n)



Principle Components

ÅThe first principle component is the 
projections  that catches the maximum 
variance, we can obtain a optimization 
problem

ÅThe solution is the eigenvector corresponding 
to the largest eigenvalue



Principle Components

ÅSimilarly, we can get the second, third 
principle components with extra orthogonal 
constraints,



Principal Component
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Principal Component



Matrix Diagonalization

ÅFor a covariance matrix     , there exist a 
orthogonal matrix Q, such that

where    



Using Eigenvectors for Diagonalization

ÅLet                              be a set of orthogonal  
unit eigenvectors with eigenvalue





Principle Components

ÅGiven p orthogonal unit eigenvectors

ÅLet                 , i.e , where



PCA in R

Åprcomp(stats)

ïPrincipal Components Analysis (preferred)

Åprincomp(stats) 

ïPrincipal Components Analysis

Åscreeplot(stats)

ïScreeplotof PCA Results

Åsummary(obj)

Åloadings(obj)



PCA problems

PCA ӊ Ḡ ῤ Ḥ ̆ ҉

Ȃᵖ ץ №ᵬ
Ҍ ̆ ᶏ ѿ №Ȃ



PCA & LDA

LDA̔

1ȁ ̂within class̃

2ȁҌ № ̂between class̃



PCA & LDA



factor analysis ( ֫‘)

PCoA

CCA



factor analysis ( ֫‘)

CCA̔ canonical correlation analysis
ῖ ῏№

Å ᶛ ̔ ױ ⌠ң ̆ ѿ ֲ ᵣ ̆ ԋ
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Å X ֲ ᵣ ңҩ ̆ Y ⱬ ⱬңҩ
̆ Ҍ ᶏ ῏ Ȃ ױ Ҍ ѿҊ ̙

Å CCAᶏ X Y ҹ1 XôYô̆ Ῥᶏ ῏
XôYô ῏ Ȃ

Å ԍ ױ CCĂ ‰ ⌠1 ̆ң ῏ Ȃ



factor analysis ( ֫‘)

CCA̔ canonical correlation analysis
ῖ ῏№

CCA SVD ̔
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factor analysis ( ֫‘)

CCA̔ canonical correlation analysis
ῖ ῏№



factor analysis ( ֫‘)

CCA̔ canonical correlation analysis
ῖ ῏№



PCA, LDA & CCA

ÅҺ №№ PCA̔ ↕

Å ∞≢№ LDA̔ ↕ ̆

Åῖ ῏№ CCA̔ ↕ ⌠1 ̆ң
῏



ṿ№ (SVD) ῒ

Å ṿ№ (SVD, Singular Value 
Decomposition)

ÅApplication I: Information retrieval

ÅApplication II: Gene expression data analysis



ṿ№ (SVD)

Å 1̔ A ҹr ṿ ̆↕ m ֜
Ŭn ֜ V̆ ᶏ A=UDVT. ῒҬDҹ

↕



ṿ№ (SVD)
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ṿ№ (SVD)



ṿ№ (SVD)

Å ҹ A ṿȂ

Å U,V ↓ №≢ ҹA ȁ
Ȃ



ṿ№ (SVD)

ÅATAn,n AAT
m,m ̆↕ n ֜

V m ֜ Ŭᶏ

Å(ATA) (AAT) ṿ

ÅATA 0 ṿ ҩ ԍA r .



Rank, Range, and Null space

ÅThe rankof matrix A can be calculated from 
SVD by the number of nonzero singular values.

ÅThe rangeof matrix A is the left singular 
vectors of U corresponding to the non-zero 
singular values.

ÅThe null space of matrix A is the right singular 
vectors of Vcorresponding to the zeroed 
singular values.



Rank, Range, and Null space

Range Rank
Null Space

Rank(A)=3



Condition Number

Å SVD can tell How close a square matrix A is to be singular.

Å The ratio of the largest singular value to the smallest singular 
value can tell us how close a matrix is to be singular:

Å A is singular if  c is infinite.

Å A is  ill-conditioned if  c is too large (machine dependent).



ṿ№ (SVD)

Å 2 (Eckart and Young )̔Let the SVD of A be 
given by A=UDVT with r = rank(A) < p = min(m, n) and 
define

Then

ῒҬ ҹFrobenius , ӈҹ



ṿ№ (SVD)

ÅIn other words, Ak, which is constructed from 
the k-largest singular triplets of A, is the 
closest rank-k matrix to A. In fact, Ak is the 
best approximation to A for any unitarily 
invariant norm[*]. 

* L. MIRSKY, Symmetric gage functions and unitarilly invariant 
norms, Q. J. Math, 11(1960), pp. 50-59. 
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SVDҽᶛ



SVDҽᶛ



SVD in R

Åsvd()

Åla.svd()

ÅA good demo

http://www.ats.ucla.edu/stat/r/pages/svd_demos.htm



SVD vs PCA

ÅIf X is centering  each column, then XTX is 
proportional to the covariance matrix of  
variables gi. So, the right singular vectors {vk} 
are the same as the principal components. 

ÅIf instead each row of X is centered, XXT is 
proportional to the covariance matrix of the 
variables aj. In this case, the left singular 
vectors {uk} are the same as the principal 
components of {aj}. 



Data Fitting Problem



Image Processing

[U,W,V]=svd(A)

bŜǿLƳƎҐ¦όΥΣмύϝ²όмΣмύϝ±όΥΣмύΩ



Digital Signal Processing (DSP)

ÅSVD is used as a method for noise reduction. 

ÅLet a matrix A represent the noisy signal:

ïcompute the SVD, 

ïand then discard small singular values of A.

ÅIt can be shown that the small singular values 
mainly represent the noise, and thus the rank-
k matrix Ak represents a filtered signal with 
less noise. 



ṿ№ (SVD)



ṿ№ (SVD)



ṿ№ (SVD)



ṿ№ (SVD)



Applications

ÅInformation retrieval
ïLSI: Latent semantic indexing

ïSVD applied to term document matrix

ïcompute best rank k approximation

ïeigenvectors correspond to linguistic concepts

ÅGene expression data analysis
ïSVD useful preprocessing step

ïgrouping genes by transcriptional response, 
grouping assays by expression profile



Latent Semantic Indexing (LSI)
by 

Singular ValueDecomposition

Michael W. Berry, Susan T. Dumais, Gavin W. O'Brien. Using 
Linear Algebra for Intelligent Information Retrieval.  SIAM 
Review 37(4): 573-595, 1995.



Information Retrieval

ÅQ:άLightwaves.έ

ÅD1: άParticleandwavemodelsof light.έ

ÅD2: άSurfingon the wavesunderstar lights.έ

ÅD3: άElectro-magneticmodels for fotons.έ



Motivation for LSI

ÅTo find and fit a useful model of the 
relationships between terms and documents.

ÅTo find out what terms "really" are implied by 
a query . 

ÅLSI allow the user to search for concepts 
rather than specific words. 

ÅLSI can retrieve documents related to a user's 
query even when the query and the 
documents do not share any common terms. 



How LSI Works?

ÅUses multidimensional vector space to place 
all documents and terms.

ÅEach dimension in that space corresponds to a 
concept existing in the collection.

ÅThus underlying topics of the document is 
encoded in a vector.

ÅCommon related terms in a document and 
query will pull document and query vector 
close to each other.  



LSI Method

ÅCreate a rank-k approximation to A

Åk < rA  or k = rA ,

ÅAk = Uk Sk VT
k



LSI Method

ÅUsing truncated SVD, underlying latent
structure is represented in reduced-k 
dimensional space.

ÅNoisein word usage is eliminated



LSI-Procedure

ÅObtain term-document matrix.

ÅCompute the SVD.

ÅTruncate-SVD into reduced-k LSI space.
ïk-dimensional semantic structure

ïSimilarity on reduced-space
ÅTerm-term

ÅTerm-document

ÅDocument-document 



Query processing

ÅMap the query to reduced k-space

qΩҐǉTUkS
-1

k

ÅRetrieve documents or terms within a 
proximity.

ïCosine

ïBest m



Updating

ÅFolding-in     

dΩҐŘTUkS
-1

k 

similar to query projection 

ÅSVD re-computation



Folding-In (Documents)



Folding-In (Terms)



E
xa

m
p

le
:S

IA
MR

e
vie

w
 T

itle
s



Example



Mapping Method

ÅCompute the truncated SVD (k=2)

ÅTerms plane

ïx-coordinates : The first column of U2 multiplied by the 
first singular value, for the

ïy-corrdinates: second column of U2 multiplied by the 
second singular value.

ÅDocuments plane: 

ïx-coordinates : The first column of V2 scaled by the first 
singular value, for the

ïy-corrdinates: second column of V2 scaled by the second 
singular value.
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Query

ÅvǳŜǊȅΥ άŀǇǇƭƛŎŀǘƛƻƴ ŀƴŘ ǘƘŜƻǊȅέ

qT = [ 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 ].





Comparison with Lexical Matching

ÅvǳŜǊȅ ƻŦ ά!ǇǇƭƛŎŀǘƛƻƴ ŀƴŘ ǘƘŜƻǊȅέΤ ƪҐн

ÅUsing a cosine threshold of 0.9 returns 6 
books: B3, B5, B6, B7, B16, and B17.

ÅUsing a cosine threshold 0.55 also returns B11

and B12 (somewhat related)

ÅBut lexical matching only returns 4 books: B3, 
B11, B12, B17



Gene Expression Data Analysis
Using SVD

Wall, Michael E., Andreas Rechtsteiner, Luis M. Rocha."Singular value 
decomposition and principal component analysis". in A Practical Approach to 
Microarray Data Analysis. D.P. Berrar, W. Dubitzky, M. Granzow, eds. pp. 91-
109, Kluwer: Norwell, MA (2003). LANL LA-UR-02-4001.





Left Singular Vector and 
Right Singular Vector

ÅThe right singular vector span the space of the 
gene transcriptional responses {gi};

ÅThe left singular vectors span the space of the 
assay expression profiles {aj} 



Eigen-vectors

ÅGenes: linear combination of eigen-genes {vk}

ÅAssays: linear combination of eigen-assays {uk}



Dimension Reduction

ÅUsing the idea of truncated-SVD, we can 
represent expression profiles as,

where d<r=rank(X).

ÅIn another word, we treat the last several 
singular values only contributing to the noise.





Synthetic Time Series Data

Å2000 x 14 

Å1600 noisy genes

Å200 genes with noisy sine patterns

Å200 genes with exponential patterns



Synthetic Data





Scatter Plots

ÅProjection of data into SVD subspaces and 
visualization with scatter plots can reveal 
structures in the data that may be used for 
classification. 

Å¢ǿƻ ƎŜƴŜ άŎƻƻǊŘƛƴŀǘŜǎέ ŦƻǊ ǎŎŀǘǘŜǊ Ǉƭƻǘǎ

ïProjection

ïCorrelation



Scatter Plots

ÅProjection of gi on eigen-gene vk

ÅCorrelation between gi and eigen-gene vk





More Applications

ÅNetflix prize, big data, SVD and R

http://blog.revolutionanalytics.com/2011/05/
the-neflix-prize-big-data-svd-and-r.html



Multi-dimensional Scaling
(MDS)

№Slide

www.cs.haifa.ac.il/~rita/uml_course/
lectures/PCA_MDS.pdf



MDS ( № )



MDS ( № )

ÅMDS attempts to preserve pairwisedistances.

ÅAttempts to construct a configuration of n 
points in Euclidian space by using the 

information about thedistances between 
the n patterns (Not necessary n points 
in the high dimensional space).



MDS ( № )
ῒҺ ᵞ ῤ ̆ᶏ ῤ Ҭ ᴋ ң
ӊ ҍ ң ̆ ῤ
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Example: Distances between US Cities



Classical MDS (I)

ÅGiven n points                            , the pairwise
dissimilarities

ÅWhere li is the length of ith point. 



Classical MDS (II)

ÅLet  

ÅThen



Classical MDS (III)

ÅCentralization

ÅLet  



Classical MDS (IV)

ÅWe have



Classical MDS (V)

ÅLet

ÅLet



Classical MDS (VI)

ÅThen

ÅHere



Classical MDS (VII)

ÅFinally, we have

ÅThen we can have a SVD of B  (p<n)

where  V is a matrix whose columns are the 
eigenvectors of B



Classical MDS (VIII)

ÅWith p-eignvectors, we can reconstruct  B

ÅWith k-eignvectors, we can reduce the 
dimension to k-dimensional space



Classical MDS (IX)

ÅOptimality property



MDS ( № )



Relation to PCA



Non-metric MDS



Non-metric MDS



Non-metric MDS

ÅStrengths

ïRelaxes distance constraints.

ïYields nonlinear embeddings.

ÅWeaknesses

ïHighly nonlinear, iterative optimization with local 
minima.

ïUnclear how to choose distance

ïtransformation.



MDS Implementation

ÅMDS in R

ïisoMDS(MASS)

ÅKruskal'sNon-metric Multidimensional Scaling

ïcmdscale(stats)

ÅClassical (Metric) Multidimensional Scaling

ïsammon(MASS)

ÅSammon'sNon-Linear Mapping

ÅVarious software and resources about MDS

http://www.granular.com/MDS/

http://www.granular.com/MDS/


Other Methods

ÅNonlinear dimension reduction

ïKernel PCA

ïLocally linear embedding (LLE)

ïIsomap

ït-SNE

ïLASSO

ÅA good tutorial̔ Ali Ghodsi. Dimensionality Reduction, A 
Short Tutorial. 
http://www.math.uwaterloo.ca/~aghodsib/courses/s09stat946/readings/tutorial_stat890.pdf

ÅMore materials can be found at his webpage 
http://www.math.uwaterloo.ca/~aghodsib/courses/s09stat946/

http://www.math.uwaterloo.ca/~aghodsib/courses/s09stat946/readings/tutorial_stat890.pdf


t-SNE(t-distributed stochastic neighbor 
embedding)

ÅSNE ᴏ (affinitie) ⌠ № ҉̆Һ ңҩ
̔

ÅSNE ѿҩ ӊ № ̆ᶏ ᵌ
̆ Ҍ ᵌ ᵞ Ȃ

ÅSNE ᵞ ֓ № ̆ᶏ ңҩ № ӊ
ᵌȂ



t-SNE(t-distributed stochastic neighbor 
embedding)

Å SNE ҉ Ҋ ѿ ⁞ Ŀ Ŀ ̔

Ҋ̆ Ҋ ᶏױ № ҹ № ̆ ᵞ
Ҋ̆ ᶏױ ⱴẒ № ҹ № ̆

ᶏ ҊҬᵞ ѿҩ Ȃ



t-SNE(t-distributed stochastic neighbor 
embedding)



t-SNE(t-distributed stochastic neighbor 
embedding)

Single-cell applications



t-SNE(t-distributed stochastic neighbor 
embedding)

ÅҺ Ҍ ҩ:

ïҺ ԍ ̆ ԍῒז Ȃ ̆ ҹז
ᵀ №̆Ҍ ̕ ⌠10 ̆

ҹt№ Ẓ ̆1ҩ t№ Ḡ ̆

ï t-SNEẁ ԍḠ ̆ ԍ (intrinsic dimensionality)
̆ Ҍ ⌠2-3

ï t-SNE ѿ ᴨ ̆ғ ᵀ №Ȃ Ạ ᵀ̆ ץ
ӊ ̆Ῥ ѿҩ ӊ ẠȂᵖ ̆t-sne

Ҭ ӈ̆ №

ï Ȃ



LASSO

ÅLasso ҅

ÅҒ׃ ԓ ‟ЇӤ ԓ ‟

ÅLasso ԓ
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Lasso Model
(least absolute shrinkage and selection operator)

ÅLasso: Least Absolute Shrinkage and Selection 
Operator

ÅMinimize

ÅEquivalent to minimizing sum of squares with 
constraint (Lagarangianfunction)



Lasso Explanation

ÅThebound"s" is a tuning parameter. When"s" is
largeenough,the constrainthasno effect andthe
solution is just the usual multiple linear least
squaresregressionof y on x1, x2, ...xp.
ÅHoweverwhen for smallervaluesof s (s>=0) the

solutions are shrunken versions of the least
squaresestimates. Often,someof the coefficients
bj are zero. Choosing"s" is like choosing the
number of predictors to use in a regression
model, and cross-validation is a good tool for
estimatingthe bestvaluefor "s".

http://statweb.stanford.edu/~tibs/lasso/simple.html



Algorithms for Lasso



Algorithms for Lasso

ÅStandard convex optimizer

ÅLeast angle regression (LAR) - Efronet al 2004-
computes

ÅEntire path of solutions. State-of-the-Art until 
2008

ÅPathwisecoordinate descent---New



Ridge Regression

ÅMinimize

ÅEquivalent to minimizing sum of squares with 
constraint

ÅClose-form solution



Ridge Regression

Ridge



Lasso and Ridge Regression

̔ Ҍ ’Ҋҍ ℗̆ѿ ҍ ҩ ᴨᾢ ֜̆
Ҭ ѿҩ ҹ0̆ ⌠ ᵬ Ȃ

̔ ҩ └Ҋ̆ ץ ҉ ᴋ ѿ ̆ q̗2ץ ṜӞ Ạ ̆
Ҍ⌠ ᵬ ̆ ҩ Ӟ ץ ₮ Ȃ



LASSO



Å ԋץ ҹᶛ̆ lasso Ridgeң ̆ ԍLasso ̆
ԍRidge Ȃ

Å ңҩ ԍң ҍ Ȃ

Å ף ê ⌠ ̆á ҹ̂ Ҭ ̆ҹ
ԋӗᵀ Ȃ

Å ңҩ ≢ ԍ ̆ Ȃ

Å ℗ ₱ ᴨ ̆Ridge ̆ῒ
℗ ᴪ ԍ ҉̆Ҍᴪҍ ℗̆↕ ᴋѿ ҉ ṿ Ҍҹ0̆

̕ ԍLasso , ῒ ̆ᴪ ҍ ℗ ̆ᶏ
№ ҹ0̆ ֟ Ȃ

Å Lassŏץ ץ ⌠ ̆ Ҍ 0̆
Ridge Ӟ ԅѿ ̆ᵖ ᴋѿ Ҍᴪ

0̆ Ḡ ԅ Ȃ

LASSO



LASSO

Ridge LASSO
https://blog.csdn.net/marmove
/article/details/85260241



LASSO

ꜘ ᾨ ЕBridge

https://blog.csdn.net/marmove
/article/details/85260241



LASSO



LASSO



Å lassoЇMSE ‟

Å ∑ subset selection K

Å ҩү

LASSO



Lasso Model

Reference: https://healthcare.ai/visual-tour-lasso-random-forest/



Lasso Model

Reference: https://healthcare.ai/visual-tour-lasso-random-forest/



Lasso vs. Random forest

Lasso

Random forest

Reference: https://healthcare.ai/visual-tour-lasso-random-forest/



Other variable selection methods 



Other dimension reduction methods 



Recap ( )

Å ̔
ï №

ï Όᵩ

Å ̔
ï ̔mRMR

ï ̔PCĂ LDĂ CCA

ï ̔MDS̆ tSNE

ïῒ ̔LASSO
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